Introduction to Electric Circuit Chap 4 High Order Linear Circuits

Chap 4 High Order Linear Circuits

4.1 Second-order RLC circuits without any sources

4.1.1 Parallel RLC circuit without any sources

EE— e

R + L + C
lg VR l § i v(f) Ve
i

ir —

. Mathematic model

(4.1.1-2)  va(t)=v (t)=vc (t)=V(t)
)

@119 iy (0)+i, (t)+i (t)= 21 -

= @+i\7(s)+h—°+sc\7(s)—c\/co =0

Hence, we have

[ [
) SVeo —LEO Vo — =2 SVeo —LEO
(4.1.1-4) V(s)= =— === >
sz+i+i S“+2as+wy, S°+28w,S+ W,
RC LC
where a:i, a)ozL and 5:1:i £
2RC JLC @, 2R\C

. Characteristicroots 4, and A4,

The characteristic equationis s* +2&w,S+a@; =(s—4)(s—4,) and thus

i i
LO LO
Voo — > Voo — >

A _ C = C
(4.1.1-5) V(S) T g2 +2Emys + W} - (5—/11)(5_}“2)

where A4,,4, = (—af + & —1)@0 are the characteristic roots.
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_ 1L
2R\ C
That means 4, <4, <0 and

* Al ¢ >1

Ny — =2
& V(s Cc _ A A

(4.1.1-6) V(S)_(s—ﬂl)(s—ﬂz)_s—ﬂlJrs—/lz

= v(t)=Ae" + Ae™

A 1y A 1 iy,
where Ai_ﬂi—ﬂzvco -4 C and A, —ﬂl—lzvcoJrﬂq—izC'

1 (L
[B] §=§ c-

That means 4, =4 =-$w, =—a and

ILO
Ny — =2

c_ B + B,
(S.+05)2 S+a (S+a)2

= v(t)=(B,+B,t)e™

4.117)  (s)=

i
where B, =v,, and Bzz—vcoa—%.

1 |L
[C] f—ﬁ E<1

That means 4,4, :(—éi j«/l—gz)a)o =—a+ jf and

i
SV., — =2
()= ¢C _(s+a)D,+ D,

S H2ms+@),  (sta) + B

<

(4.1.1-8)

= v(t)=e" (D, cos Bt + D, sin ft)

av, [
where D, =v., and D,=—-—%2—-—‘t%

g pC
. From (4.1.1-1) and v(t) , We can obtain the currents through R, L and C.

Example: Consider a second-order parallel RLC circuit without any source. If

R=4Q, L=2H, and C=0.125F, determine v(t) and i.(t) for

t>0 when v(0)=1Vand i(0)=-1A.

4-2



Introduction to Electric Circuit Chap 4 High Order Linear Circuits

4.1.2 Series RLC circuit without any sources

bk p e

+VR_ +VL—

T “ C—= .

*  Component equations with initial conditions i, and v,:

(412-1) v (t)=Ri(t), v, (t)=Li'(t), vc(t):% [li(z)dr +ve,
. Mathematic model

(4.1.2-2) ix(t)=i (t)=ic(t)=i(t)

(412-3) VR(t)+vL(t)+vC(t)=Ri(t)+Li’(t)+éjti(r)dr+vco=0

o

& o . 1 a V
= Ri(s)+sLi(s)—Li_ +—i(s)+-—<2=0
(5) 5L (8)~Liu, + 5 (5) +
Hence, we have
(4.1.2-4) f(S): SILO_VCO/L _ SILO_VCO/L _ SILO_VCO/L
o » R 1 ?+2as+@? S°+2EwS5+af
S +—S+— 0 é 0 0
L LC

where a:%, %:L and éz:ﬁ:B 9

VvLC w, 2\L
. Characteristicroots 4, and A4,

The characteristic equation is s* +2&@,s+ @) =(s—4)(s—4,) and thus

) Si, —VCLO Si, —VCLO
41.2-5 i1(s)= =
( ) 1) s’ +2éws+a;  (s—4)(s-4,)

where 4,4, = (—5 +,/&° —1)(00 are the characteristic roots.

© A e %>1

That means 4, <4, <0 and

. V,
co
Sl , —

o L _ AL, A
(4.1.2-6) I(S)—(S_ﬂl)(s_gz)_s—ﬂlJrS—iz

= i(t)=Ae" +Ae™
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where A = 4 o — L Yoo gng A =- i o+ L Voo
=4~ A4 L h=A — A=A L
R |C
. B =— |==1
Bl ¢=24T

Thatmeans 4, =4 =-¢w,=—-a and

SiLo_VCiO
4.12-7) i(s)= L_58 , B
(s+a)” s+a (s+a)

= i(t)=(B,+B,t)e™

VCO

where B, =i, and Bzz—iLOa—T.

R |C
[C] 5—5 I<1

That means 4,4, :(—éi j«/l—gz)wo =-a*jpB and

- Siip ~ (s+a)D,+ D
(4.12-8) i(s)=— L___ 1+ PO,
S° +28w,S + W, (sta) +p

= i(t)=e"(D,cos ft+D,sin ft)

where D, =i, and D, = %o Veo
s pL
. From (4.1.2-1) and i(t) , We can obtain the voltages across R, L and C.

Example: Consider a second-order series RLC circuit without any source. If

R=4Q, L=2H, and C=0.125F, determine i(t) and v (t) for

t>0 when v(0)=1Vand i(0)=—-1A.
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4.2 Second-order RLC circuits with independent sources

4.2.1 Parallel RLC circuit with constant source

— Ic

. Mathematic model

(42.12)  ve(t)=vi(t)=Vc (t)=V(t)
)

@219) i (O +i () +ic (=7 + %;v(r)dr+iLO+Cv’(t)=ls

V(s) 1. i ) I
= ——+—V(s)+—+sCv(s)-Cv,, =—
Hence, we have
P Io— I, Io— I,
) SVeo —LOT SVeo —“’T SVeo —L"T
(4.2.1-4) N(s)= =— == 5
2. 5 1 s+2esta; T+ 2508+
RC LC
1
where azi, w, =—— and 5:3:i L
2RC JLC @, 2R\C

. Characteristicroots 4, and A4,

The characteristic equation is s> +2&w,s+@; =(s—4)(s—4,) and thus

=1 =1
LO S LO S
SV, —7(: SVeo — C

$° +2Ew,s + @} B (s=2)(s=4,)

(4.2.15) V(s)=

where A4,4, = (—aji«/fz —1)600 are the characteristic roots.
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_ 1L
2R\ C
That means 4, <4, <0 and

* Al ¢ >1

- —1
LO S
Ve —

(S)= C _ A n A
(s-A)(s—4) s—A s—4

= v(t)=Ae" + Ae™

<

(4.2.1-6)

where A = AVeo _ 1 1,1 and Azz_;tzvco + 1 'Lo_ls.
h-4 A=K C h-4 h-4 C
1 |L
° B =— [— =
Bl ¢=-ric

That means 4, =4 =-$w, =—a and

i, — 1,
(4.2.1-7) \7(s)—svco_LOC -5, 5
B  (sta)’  sta (s+a)

= v(t)=(B,+B,t)e™

o~
where B, =v., and B, =-v ,a— LOC >,

1 |L
[C] f—ﬁ E<1

That means 4,4, :(—éi j«/l—gz)a)o =—a+ jf and

-1
SV. — LO S
(5)= co” ¢ (s+a)D,+pD,

S H2ms+@),  (sta) + B

<

(4.2.1-8)

= v(t)=e" (D, cos Bt + D, sin ft)
Voo o~
B BC
. From (4.2.1-1) and v(t) , We can obtain the currents through R, L and C.

where D, =v,, and D,=-

Example: Consider a second-order parallel RLC circuit with independent current

source I, =2A. If R=4Q, L=2H, and C=0.125F, determine v(t)

and i.(t) for t>0 when v(0)=1Vand i(0)=-1A.
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4.2.2 Series RLC circuit with voltage source

i(1) O _
VWV QU e
V() R L —"a |},
@) C v

v, (t)=cos ot

*  Component equations with initial conditions i, and v,:

(422:1) v (t)=Ri(t), v (t)=Li'(t), VC(t)=éJ.;i(r)dr+vCO
. Mathematic model
(4.2.2-2) iz (t)=i (t)=ic (t)=i(t)

(4.2.2-3)  Vp(t)+v (t)+v (t)=Ri(t)+ Li’(t)+é_|-;i(r)dr+vco =v,(t)

. ) 1. s
= Ri(s)+sLi(s) 'L0+SCI(S)+ s s'+a
Hence, we have
’ 53i|_o +Si|_o&)2+ﬂ$2—vcioa)2
(4.2.2-4) i(s)= L -
» R 1 2 2
[s +s+j(s +ao)
L LC
B # (s) ~ ¥ (s)
(s+2as+f)(sP+ o) (SP+28wps+ 0l )(sP+ o)
where T(S)ZSSiLo”iLowZJrl_lYCOSZ_VLLOO)Z’ aZZ_RL’ %:% and
a R |C
“To 2L

. Characteristicroots 4, 4, and *jo
Let (s*+2éms+a;)(s*+@°)=(s—4)(s—4,)(s* +@°), then

5 e % (s) _ ¥ (s)
(4.2.2-5) ( ) <52+2§a)os+a)02)(52+0)2) (S_/ql)(s_ﬂz)(52+a)2)

where A4,4, = (—gi\/ﬁ)% .
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R |C
[A] §=E E>1
That means 4, <4, <0 and
(4.2.2:6) i(s)= #(5) A LA ASTAG

(s—A)(s—4)(s* +a)) s—A S-— A,Z s2 + w?
= i(t)=Ae™ + Ae™ + A coswt + A, sin ot

where A = ?(2) - 7 (%)
here A @f@xﬁ+d)’% (A =24) (4 +o?)

A A= 7 (i) .
o (4 + 1)+ jo( 4, - o)
R [C
Bl &=2\T=t

That means 4, =4 =-¢w, =—a and

¥ (s) _ B B  Bs+Bo
(s+a) (sz+a)2) s+a (s+a) ST+

(4.22-7) i(s)=

= i(t)=(B,+B,t)e™ + B, cos wt + B, sin ot

where B, = 2( Z 81:5”(—?)—220582
a’+o a’+o
. ¥ (jo)
B.—-|B, = .
2 15 —2aw2+ja)(a2—a)2)
R |C
e [ =215«
[C] ¢ AL S

That means 4,4, =(—§i j«/l—fz)wo =—a+jB and

w(s) :(S+a)Dl+ﬂD2+sD3+a)D4
sz+2§a)os+a)§)(sz+a)2) (s+a) +p* s’ + o’

(4.2.2-8) ngz(

= i(t)=e"(D,cos Bt + D, sin Bt)+ D, cos et + D, sin ot

v (-a+ijp)

where D, — |D, = ,
1~ 1= 2a,6’2+j,6’(a2—ﬁ’2+a)2)
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y(jo)

D,-jD, = .
2~ 1M —2aa)2+ja)(a2+ﬁ2—w2)

. From (4.2.2-1) and i(t) , We can obtain the currents through R, L and C.

Example: Consider a second-order series RLC circuit with voltage source

V,(t)=sin2t V. If R=4Q, L=2H, and C=0.125F, determine i(t)

and v (t) for t=0 when v(0)=1Vand i(0)=-1A.
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4.3 General linear RLC circuits

Example: Given i (0)=2Aand v (0)=6V, determine i(t) for t>0.

2Q) V2

Vi }:\ AN 3

1 —_—> 2)

i(7) lz}:
10V 0.5H 05F | + 5A
O P T O
3Q B
©
1

Node voltage equations:
KVL®: v, =10

KCL®: %(v2 —V, ) +i +i. =5

=%(V2 —v1)+0—15j;(v2 —v,)dr+2+05v,~5=0

t

o (L
KCL®: i+ = (o.sjo

(vz—v3)dr+2j+%3:0

Taking Laplace transform yields

KVLO: \71(3):%
KCL®: 0.5(\72(8)—”l(s))+§(\72(s)_\73(3))+§

KCL®: —(3(\72(3)—\73(5))+3]+ A?’(S):O
(4.3-1) V(s)==—
(432)  -sV,(s)+(s*+5+4)V,(s)—4V,(s)=65+6

(43-3) —6V,(s)+(s+6)V,(s)=6
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10

2
Hence, \71(5):?, \72(5)_63 +525+120

- 5(52 +7s+10) ’

_ 65%+425+120
s(s*+75+10)

U (s)

o 1,. . -1 10/3 -1/3
and |(s):§( l(s)—vz(s)):?+ <2 sis

The current is i(t):—1+%e‘2t—%e‘“, t>0.

Example: If i (0)=1A and there are no initial capacitor voltages, determine v(t)

for t>0.
I 0.5F
v
p 2
0.5F 11
Vi | ] V2 W V3
© ._l l. ict © . ® 1A
4V + I
O 20 2 4() ©
©

1
Node voltage equations:
KVLO: v, =4

KCL®: %VZ —iy +i, :%v2 —0.5(v1’—v;)+.|.;(v2 —V,)dz+1=0

KCL®: iy +ig, +1=[ (v, —V,)dz +1+0.5(v; —v3) +1=0

Taking Laplace transform yields

KVL®: Vl(s)zg

KCL®:  1,(5)-055(3; (5)-%; (5))+ = (4 (5) Vi (s))+ =0
KCL®: %(\72(5)—”3(3))+%+0.55(”1(s)—”3(3))+%:0
(4.3-1) \?l(s)z%

(4.3-2) 52\71(5)—(32 +S+ 2)\72 (s)+2V,(s)=2

4-11



Introduction to Electric Circuit Chap 4 High Order Linear Circuits

(433) s, (s)+20,(s)—(s*+2)V,(s)=—4

3 2
It can be obtained that \72(s)=10S g 252 +40s+4
5(s°+5% +4s+2)

Since v(t)=V,(t), we have

. 10s® —2s? + 40s + 4
4.3-4 V(s)=
(4.3-4) () s(s3+52+4s+2)

A B (s+0.2334)C +1.9227D

+ + >
s s+05332  (5+0.2334)" +1.9227°

Once A, B, C and D are solved, the voltage is expressed as

(435)  v(t)=A+Be ¥ 4.e70%% (Cc0s1.9227t + Dsin1.9227t).
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